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1. INTRODUCTION 
In this paper, we are going to study the solvability of a nonlinear quadratic integral equation of 
Volterra type. We will look for solutions of that equation in the Banach space of real functions 
being defined and continuous on a bounded and closed interval. The main tool used in our 
investigations is a special measure of noncompactness constructed in such a way that its use 
enables us to study the solvability of considered equations in the class of monotonic functions. 
Let us mention that the theory of integral equations has many useful applications in describ- 
ing numerous events and problems of the real world. For example, integral equations are often 
applicable in engineering, mathematical physics, economics, and biology (cf. [l-S]). Let us pay 
attention to the fact that the so-called nonlinear quadratic integral equations are also often en- 
countered in various applications. It is worthwhile mentioning the applications of those equations 
in the theory of radiative transfer, kinetic theory of gases, in the traffic theory and in the the- 
ory of neutron transport, for instance. Especially, the so-called quadratic integral equation of 
Chandrasekhar type can be very often encountered in several applications (cf. [7-131). 
The nonlinear quadratic integral equation studied in this paper is a Volterra counterpart of 
the above-mentioned Chandrasekhar equation. Integral equations of such a type arc also often 
an object of mathematical investigations [2:4,6,14,15]. 
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The results presented in this paper seem to be new and original. They generalize several results 
obtained up to now in the study of nonlinear Volterra integral equations of several types. 
2. NO,TATION, DEFINITION, AND AUXILIARY RESULTS 
For further purposes, we collect in this section a few auxiliary results which will be needed in 
the sequel. Assume that (E, 11.11) is an infinite-dimensional Banach space with the zero element 0. 
Denote by B(z, r) the closed ball centered at z and with radius T. The symbol B, stands for the 
ball B(B, r). 
If X is a subset of E, then x, Conv X denote the closure and convex closure of X, respectively. 
We use the symbols XX and X + Y to denote the algebraic operations on sets. The family of all 
nonempty and bounded subsets of E will be denoted by mu and its subfamily consisting of all 
relatively compact sets is denoted by %E. 
Throughout this paper, we accept the following definition of the notion of a measure of non- 
compactness [16]. 
DEFINITION 2.1. A function p : !7JlE -+ R+ = [0, co) is said to be a measure of noncompactness 
in E if it satisfies the following conditions: 
lo the family ker /I = {X E ORE : p(X) = 0} is nonempty and ker p c %E; 
20 x c Y ===+ p(X) 5 p(Y); 
3O p(X) = p(ConvX) = p(X); 
40 p(XX + (1 - A)Y) < X/L(X) + (1 - X)/L(Y), for Ic E [O, 11; 
5O if (Xn) is a sequence of closed sets from mE such that Xn+l C X,, for n = 1,2,. . , and 
if lim ,LL(X,) = 0, then the set X, = 
TX-CC 
n!, X, is nonempty. 
The family ker p described in lo is called the kernel of the measure of noncompactness ~1. 
Further facts concerning measures of noncompactness and its properties may be found in [16]. 
For our further purposes, we will only need the following fixed-point theorem [16,17]. 
THEOREM 2.1. Let Q be a nonempty bounded closed convex subset of the space E and let 
F : Q --) Q be a continuous transformation such that p(FX) 5 kp(X) for any nonempty 
subset X of Q, where k E [0, 1) is a constant. Then F has a fixed point in the set Q. 
REMARK 2.1. Under the assumptions of the above theorem, it can be shown that the set Fix F 
of fixed points of F belonging to Q is a member of the family ker 1-1 (cf. [IS]). This fact permits 
us to characterize solutions of considered operator equations. 
In what follows, we will work in the classical Banach space C[O, T] consisting of all real functions 
defined and continuous on the interval [0, T]. For convenience, we write I = [0, T] and C(I) = 
C[O, T]. The space C(I) is furnished by the standard norm 
llzll =max{lx(t)I : t E I}. 
Now, we recall the definition of a measure of noncompactness in C(I) which will be used in our 
further investigations. That measure was introduced and studied in [18]. 
To do this, let us fix a nonempty and bounded subset X of C(1). For 5 E X and E > 0 denoted 
by w(x, E), the modulus of continuity of the function x, i.e., 
Further, let us put 
w(X,E)=sup{w(rc,E):5EX}, 
w. (X) = liio w (X, E) 
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Next, let us define the following quantities: 
d(x) = sup (1~ (s) - 2 (t)] - [Z (s) - z (t)] : t, s E 1, t 5 s} , 
i (x) = sup (1~ (t) - 3: (s)] - [Z (t) - z (s)] : t, s E I, t 5 S} , 
d(X)=sup{d(z):zEX}, 
i(X)=sup{i(z):zEX}. 
Observe that d(X) = 0 if and only if all functions belonging to X are nondecreasing on 1. In 
a similar way, we can characterize the set X with i(X) = 0. 
Finally, we define the function p on the family EQ(r) by putting 
p(X)=wo(X)+d(X) 
It can be shown [18] that the function p is a measure of noncompactness in the space C(J). 
The kernel kerp of this measure contains nonempty and bounded sets X such that functions 
from X are equicontinuous and nondecreasing on the interval I. 
Let us also notice that the measure p has also some additional properties (cf. [18]). 
REMARK 2.2. The above-described properties of the kernel ker p of the measure of noncompact- 
ness p in conjunction with Remark 2.1 allow us to characterize solutions of the nonlinear integral 
equation considered in the next section. 
REMARK 2.3. Observe that, in a similar way, we can define the measure of noncompactness 
associated with the set quantity i(X) defined above. We omit the details concerning that measure. 
3. MAIN RESULT 
In this section, we will study the nonlinear quadratic integral equation of Volterra type having 
the form 
s 
t 
x (t) = a(t) + x (t) v (6 7, x CT)) dT> t E I. (3.1) 
0 
The functions a = a(t) and w = w(t, 7, Z) appearing in this equation are given while z = x(t) is 
an unknown function. 
We will investigate equation (3.1) assuming that the following conditions are satisfied: 
(i) a E C(1) and the function a is nondecreasing and nonnegative on the interval I; 
(ii) v : I x 1 x Iw -+ Iw is a continuous function such that u : 1 x 1 x R+ ---f R+ and for 
arbitrarily fixed 7 E I and 5 E R+ the function t + v(t, ‘T, Z) is nondecreasing on 1; 
(iii) there exists a nondecreasing function f : R+ --) R+ such that the inequality 
holds for all t, 7 E I and z E R; 
(iv) the inequality 
II4 + rTf (r) 5 r 
has a positive solution TO such that Tf(ro) < 1. 
Now, we can formulate our main existence result. 
THEOREM 3.1. Under Assumptions (i)-(iv), equation (3.1) has at least one solution x = x(t) 
which belongs to the space C(I) and is nondecreasing on the interval I. 
PROOF. Let us consider the operator V defined on the space C(I) in the following way: 
(Vx) (t) = a (t) + 2 (q I’ u(t, ,J, x (7)) c&T. 
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In view of Assumptions (i) and (ii), it follows that the function Vz is continuous on I for 
any function x E C(I), i.e., V transforms the space C(I) into itself. Moreover, keeping in mind 
Assumption (iii), we get 
I( i Ia(t)l + Ix@)I. iI’ 2, ( 47,x (7)) d71 I Ilull + 11~11 jyf (Ix (T)I) fh 
5 lbll + ll4l lt f Ml) d?- 
I IMI + llxll Tf (1141) . 
Hence, 
Ilvxll I llall + Ilxll Tf (1141) 
Thus, taking into account Assumption (iv), we infer that there exists TO > 0 with Tf(ro) < 1 
and such that the operator V transforms the ball B,, into itself. 
In what follows, we will consider the operator V on the subset B$, of the ball B,, defined in 
the following way: 
BT+, = {x E B,, : 5 (t) > 0, for t E I}. 
Obviously, the set BT’, is nonempty, bounded, closed, and convex. In view of these facts and 
Assumptions (i) and (ii), we deduce easily that V transforms the set BT’, into itself. 
Now, we show that V is continuous on the set B&. To do this, let us fix E > 0 and take 
arbitrarily x,y E BT’, such that ]]x - y]] 5 E. Then, for t E I, we derive the following estimates: 
t I x (t) I s IJ (t, T’, x (7)) dT -Y (t) 0 s 
t 21 (t, 7, X (7)) dT 
0 
1 s 
t 
I 
t 
+ Y (t) ‘u (6 7, x (7)) dT - Y (t) w (t, 7, Y (T)) dT 
0 0 
s 
t 
I& w (t, T, x (T)) dT + 7-o 
s 
t b(t 37, X (T)) - w (t, 7, Y (T))I dT 
0 0 
I& 1” f (~0) + TO Jr;” b-o (E) &- 
I &Tf (TO) + roTPro (E) , 
where we denoted 
PTO (El = SUP OJ (6 7,X) -w(t,‘J,Y)l : t, TcI, X,Y E [o,T], IX-Y1 I&). 
Obviously, &, (E) --+ 0 as E -+ 0 which is a simple consequence of the uniform continuity of the 
function v on the set I x I x [0, TO]. 
From the above estimate, we derive the following inequality: 
Ilva: - VYII 5 &Tf (TO) + TOTA, (~1, 
which implies the continuity of the operator V on the set B$,. 
+ In what follows, let us take a nonempty set X c B,o. Further, fix arbitrarily a number E > 0 
and choose IC E X and t, s E [O,T] such that It - s] 5 E. Without loss of generality, we may 
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assume that t < s. Then, in view of our assumptions, we obtain 
I(VX) (s) - (vx) (t)l 5 la(t) - u(s)1 + jx (s) 1’~ (s,~T,x (~1) dT - 5 (4 lt ‘u (tr~,x (7)) d~l 
+ x (4 1 J 
s~(s,~,x(~)) d7-x(t) ‘+7,x(7)) d7 
0 J 0 
s t + x(t) 
I J 
v (t, 7, x(7)) dr -x (t) J u (4 7, x(7)) dr0 0 
+ x (t) J o3 (21 (s, 7, x (7)) - ‘u (t, 773: CT))1 d7 + x (t) 1’ v (4 7, x (7)) d7 
J 
s 
J 
s I w (a, E) +w (2, &) f (TO) dr + TO YTO (&I + To 
I w (a, E) +Tf (7-O) &> &I+~oh-, C&Y +TOEf(TO), J 
ts f(~0) d7
where we have denoted 
“ire (El = SUP {I ( 21 S,T,X) - 2, (t,7,x)I : t,s E I, Is - tl 5 E, 5 E [O,TO]} 
Notice that, in view of the uniform continuity of the function v on the set I x I x [0, ro], we have 
that TV, + 0 as E + 0. This fact in conjunction with the above-obtained estimate allows us 
to derive the following inequality: 
wo (VX) L Tf (TO) wo (X) (3.2) 
Now, fix arbitrarily x E X and t, s E I such that t 5 s. Then we have the following chain of 
estimates: 
I (s) - (V~) (t)I - [(Vx) (s) - (Vx) (t)l 
= In (s) + x (s) 1’ 2, (s, 7, x (7)) h- - a (t) - x (t) $2) (4 7, x (7)) dT1 
- [a(~)+x(s)~~~(s,~&)) dr-u(t)-x(t)~‘~it,~,x(T)) dT] 
5 {la (s) - a (t) / - [a (s) - a (t)]} + Ix (s) 1’ 21 (s, 7, x (7)) dT - x (4 1” 2, (t, 7, x (7)) do/ 
-[ J 
s x (s) v (s, 7, x(7)) dr -x (t) 
0 J 
t 2) (4 7, x(7)) dT 
0 1 
5 x(s) IJ 
s v (s, 7, x(7)) d7 -x (t) 
0 J 
s 2, (s, 7, x(7)) d-r 
0 
I J s + x(t) ‘u(s, 7, x (T)) dr - x (t) 0 J 
t 
v (t, 7,~ (7)) d7 
0 
[ J 
.s 
J 
s - x (s) 2, (s, T, x (7)) d7 - 5 (t) 21 (s, 7, x (7)) d-i- 
0 0 1 s - [ J x (4 v (s, T, x(7)) dr -x (t) 0 J 
t ~(4 7,x(~1) d7
0 1 
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-[x(s)-x(~)]/w(s,T,x(T)) dr-x(t) [$~(v,L-c(~,, d~-~t~(t>vO)d~] 
I {Ix(s) -x(t) I - [x(s) -Tol~~s~(5,vo) dT 
+x(t) t 
IS 
s t 
w (s, 7, x (7)) d7. + ?J (s, 7, x (T)) dT - 
0 J t J 
21 (t, 7,~ (T)) dT 
0 
[J 
s 
J 
t - x (t) 2, (s, T, x(T)) dr - 21 (t,7, x(T)) dT 
0 0 1 i {Ix (s) - x (t) I -b (s) - x (t)ll /yf(To) dT
+ x (t) {IS ot [w (s,T,X (T))- v(t,T,X(T))l dT1 + l~h%T~x CT>) dT1) s t - x (t) [J w (s, T, x (T)) dT - J 2, (t, 7, x (T)) dT 0 0 1 
5 Tf (~0) {Ix (3) - x (t) t - [x (s) - x (t)l) 
+x(t) t [J 
s t w (s, 7, x(7)) dT + J W(S,T,x(T)) dT- J 2, (t, 7, x (7)) dT 0 t 0 1 
- x (t) [s 
s 
2, (S,T,X(T)) dT - 
0 J 
t 
w (6 7, x (T)) dT 
0 I 
= Tf (TO) {Ix(s) - x (t) I - ix (~1 - x (UI = Tf (~0) d(x) . 
Hence, we get 
and consequently, 
d (Vx) I Tf (~0) d(z), 
d(VX) L Tf (~o)d(X). (3.3) 
Finally, linking (3.2),(3.3) and keeping in mind the definition of the measure of noncompact- 
ness p (cf. Section 2), we obtain 
I-L (VW 5 Tf (~0) P (Xl. 
Now, taking into account the above inequality and the fact that Tf(ro) < 1 (cf. Assump- 
tion (iv)) and applying Theorem 2.1, we complete the proof. 
REMARK 3.1. Taking into account Remarks 2.1 and 2.2 and the description of the kernel of the 
measure of noncompactness ,u given in Section 2, we deduce easily from the proof of Theorem 3.1 
that solutions of the integral equation (3.1) belonging to the set B& are nondecreasing and 
continuous on the interval I = [0, T] . M oreover, those solutions are also positive provided u(t) > 0 
for t E I. 
4. REMARKS AND EXAMPLES 
At the beginning, we give a few examples concerning Assumptions (iii) and (iv). 
EXAMPLE 4.1. Let us assume that the function w = w(t,~, x) is bounded on the set I x I x W, 
i.e., 
(w(t,T,X)l Sk, 
for t, T E I = [0, T] and x E IK, where k is a nonnegative constant. 
Observe that, in such a case, Assumption (iii) is satisfied with the function f(r) = k for T 1 0. 
The inequality from Assumption (iv) has the form 
llall + krT L r. 
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If we assume that kT < 1, then the number TO = ]]u]]/(l - kT) is a positive solution of this 
inequality with f(rc) = k and Tf(ro) = Tk < 1. 
EXAMPLE 4.2. Now, let us assume that the function f(r) appearing in Assumption (iii) has the 
form f(r) = CT, where c is a positive constant such that c 5 1/4]]a]] and T = 1. 
Then the inequality from (iv) has the form 
Ilull + CT2 5 r. 
Notice that the number 
l-d= 
7-0 = 
2c 
is a positive solution of the above inequality. Moreover, we have 
Tf (To) = f (To) = 
l-d= 
2 
+1. 
EXAMPLE 4.3. Take a function a E C[O, l] such that ]]a]] 5 4/27. Assume that the function f 
from Assumption (iii) has the form f(r) = fi. Then (for T = l), the inequality from (iv) has 
the form 
Ilull + rT.f (r) = Ilull + rfi I r. 
It can be shown that re = 419 is a solution of the above inequality for which 
2 
Tf (rg) = j(rg) = - < 1 
3 
In what follows, let us observe that the assumptions of our existence result contained in The- 
orem 3.1 are rather easy to verify. We illustrate this assertion with help of two examples. 
EXAMPLE 4.4. Consider the following nonlinear quadratic integral equation 
J t z (t) = t2 + Ic (t) (t -I- 7147) &* 0 1+x2(7) (4.1) 
We investigate the solvability of this equation in the space C[O, T] with T < 1. 
Observe that, in our situation, we have that u(t) = t2, ]]a]] = T2, and 
2, (t,T,5) = y$ 
Further, we get 
for all t,T E [O,T] and z E R. 
Thus, the function f(r) has the form f(r) = T. M oreover, the function t + u(t,r, z) is 
nondecreasing on [0, T] for fixed r E [0, T] and z E R +. Keeping in mind the above-established 
facts, we see that the assumptions of Theorem 3.1 are satisfied (cf. Example 4.1). This allows 
us to infer that, in the space C[O,T], th ere exists a solution 2 = z(t) of equation (4.1) which is 
positive and nondecreasing on the interval (0, T]. 
EXAMPLE 4.5. Now, let us consider the following quadratic integral equation: 
2 (t) = exp (-t) + z(t) J ’ t21n(l+r]a:(7)]) dr. 8 0 2exp(t+r) (4.2) 
We will look for solutions of this equation in the space C[O, 21. 
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Here we have that T = 2,a(t) = exp(-t), ]]a]] = l/e. M oreover, the function v(t, 7, X) has the 
form 
21 (t 7 z) = t’ln(l+ 7 14) 
, 7 2exp(t+r) . 
We obtain the following estimate: 
IzI (t, 7, x)1 = 21 (t, 7,~) 5 f (t2 exp (-t)) (rexp (-T)) ]2] 5 i . Je ]z] . 
Thus, we get f(r) = (2/e2)r. 
Further, let us consider the inequality 
In our situation, we obtain 
f + $2 I: I-, 
or equivalently 
4 2 
-y- - r+i<O. 
It easy to check that the number 
is a positive solution of the above inequality. 
Apart from this we get 
2 41-~i=7iz79=1-~i7i%7Sj<1 
Tf (TO) = 2. ,zro = ez 8,e2 2 
All the above-established facts show that there are satisfied the assumptions of Theorem 3.1. 
In view of that theorem, we deduce the existence of a solution of equation (4.2) which belongs to 
the space C[O, 21 and which is positive and nondecreasing on the interval [0,2]. 
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